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1. INTRODUCTION AND SUMMARY OF RESULTS

It is of considerable interest, both for theoretical purposes and for the
applications, to obtain information about the location of the eigenvalues and
eigenvectors of a matrix. There is an extensive literature on the location of
the eigenvalues. (See, for example, the survey by Householder [11].) Some-
what less is known about the location of eigenvectors.

One important result is the Perron theorem which states that a positive
matrix has a positive eigenvector belonging to a positive eigenvalue (Perron
[17]; Frobenius [6, 7]). This has given rise to a considerable literature
(see Brauer [4], Seneta [20]). Of course, many theorems on the effect of
perturbations give information on the eigenvectors of a matrix close to a
given matrix (Kato [14]).

Many results on the eigenvalues and eigenvectors of matrices can be
extended to infinite-dimensional spaces. We may mention, for example,
the Jentzsch theorem on integral operators with positive kernel [12], and its
generalizations. (See Ostrowski [16], Krein and Rutman [15].)

In this paper we present several results on the location of the eigenvalues
and eigenvectors of complex matrices, together with some extensions to
infinite-dimensional sequence spaces. For example, we can obtain a result
of the form (Theorem 12):

Let C = (Cy), 0 < j, k << N, be a matrix such that
Ciw = rpexp(ity),  rip =0, —7 < by <,

* At the time of Mark Gurari’s death on May 8, 1952, he was in the Department of
Theoretical Physics at the University of Liverpool. A manuscript in German on the above
subject was found among his papers. We have prepared this paper from his manuscript,
extended and simplified some results, and put the material in relation to other published
work. In the manuscript the author refers to a uniqueness theorem related to Theorem 12,
and to analogs for integral equations, Unfortunately, these results are apparently lost.
Paul C. Rosenbloom, Department of Mathematics, Teachers College, Columbia University,
New York, New York 10027.
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and set
da = max Fin/Pon B - max | 8., "
izl K20 ( ikl Ok), FES0 )

;
b= max (3 rura).

If0 < 6 < «/8 and
a < F(b, 0), )

then C has an eigenvector z in the set
S(B0):z, =1, largz; | <30  for 0 <j<N.

Our proof gives F(b, 0) = sin(46) cos(8/2)/b. We have not tried to obtain
a very sharp result, but have been concerned in getting an F which is explicit
and easy to compute, and which lends itself to extension to the infinite-
dimensional case.

If a = 0, then Cj;, = 0 for jk = 0, so that we may call C a border matrix.
Condition (1) says that C has a dominant border. While there is a considerable
literature on matrices with a dominant main diagonal, little seems to have
been done on matrices of the above type.

If C is a border matrix, then we may easily show that:

(a) C has the eigenvalue A = 0 with multiplicity ¥ — 1, and the
corresponding (N — 1)-dimensional eigenspace defined by

N
Zy == 0, Z Coka == (),
1

(b) The roots of the quadratic equation

N
A2 - COOA - (11 = 0, d == Z COIchO ,

Fee=1
are also eigenvalues, and have the eigenvectors
Zy == )\, Z; = Ly fOI‘ j > 0.

A border matrix is also a matrix of rank at most 2, but for our purposes
the above representation in a particular coordinate system seems more
convenient.

By applying known results in perturbation theory (see Kato [14], Rosen-
bloom[18)), we can also obtain sufficient conditions for the uniqueness of an
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eigenvalue in a specified region, and information on the location of the
corresponding eigenvector. For instance, we obtain a result of the form: If

< | CollCild, for j =0,

N
Y. CixCro
k=1

and
Co;iCio/CE =0  forall j,and d +# 0,
and
8 < B(d/Cyy),

then C has a unique eigenvalue in the half-plane R(A/Cy,) > § and a corre-
sponding eigenvector x in the region

|arg(x;/Cip)l <o for j =0,
where
sin @ = By(d/Cq) 8, 0 < a< a2

Here B and B, are explicitly computable functions of d/Cg, .

Of course, we can apply perturbation theory to obtain similar results for
nearly positive matrices. Combining perturbation theory with the results of
Ostrowski [16] (see also Birkhoff [2], Hopf [10]), we obtain results of the

type:

If C;, = ripexp(ify) and r;, >0, |0, < 8 < =2 for j,k >0, and
0 <y <72, and
2 sin(f/2) < B, sin y,

then C has an eigenvector in S(y).

Here B, is an easily computable function of the r;;, .

If R = (r;;) is positive, and A is the positive eigenvalue of R, then there is
a certain constant Ny << 1 such that for NxA, << r << A; and 6 sufficiently
small, the matrix C has a unique eigenvalue in | A | > r. There will be an
eigenvector of C, belonging to this eigenvalue, in the region S(y). Also C has
no other eigenvector in S(y). For Ny we can use Ostrowski’s sharpening of
Birkhoff’s bound. Again all bounds are computable from the data R, 7,
and y.

If R is nonnegative but some power R™ is positive, so that R belongs to
the class of power-positive matrices studied by Brauer [3], then we can obtain
similar results.

In many applications we are dealing with large matrices, or matrices
depending on parameters, or families of matrices. It is then important to find
comparatively simple functions of the elements, in terms of which we can
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obtain the desired information about the eigenvalues and eigenvectors.
Thus the practical significance of our results is perhaps the identification of
such computable functions of the data, and the orders of magnitude of the
bounds we obtain.

We note, finally, that the approaches of Kantorovich et af. [13], and
Krein and Rutman [15], may lend themselves to extensions to infinite-
dimensional spaces.

2. TBE PERRON THEOREM

We begin by recalling the Perron theorem.! A matrix C = (C;;), | =,
k < n, is called nonnegative, C == 0, if C;, = 0 for all j, k, and is called
positive, C > 0, if C;;, > 0 for all j, k. We defined similarly the concepts of
nonnegative and positive vectors.

PERRON’S THEOREM [17]. If C > 0, then C has a positive eigenvector
belonging to a positive eigenvalue A.

(a) If w is any other eigenvalue, then | | << A.
(b) The eigenspace of A is one-dimensional.

(c) There is no other eigenvalue which has a nonnegative eigenvector.

We shall denote this eigenvalue by A.. It can also be characterized in
terms of a variational problem. For any x > 0, let

7

7(x) = min (Z Cjkx/:/xj)
I I8

Then the maximum of =(x) for x > 0 and

is attained, and this maximum is A, .

Frobenius [6, 7] extended Perron’s theorem to certain classes of non-
negative matrices and characterized those nonnegative matrices which have
more than one eigenvalue of maximum modulus. The extension is especially
simple for the class of matrices introduced by Brauer [3]. He calls a matrix C
power-positive if some power C™ is positive.

1 Editor’s note: In the original manuscript, the Perron theorem is rediscovered. The
proof is similar to the one given in Bellman [1], and ascribed to unpublished work of
Bohnenblust. We have presented Gurari’s argument in a way which brings out some
additional points of interest.
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THEOREM 1. If C = 0 and C™ > 0, then the maximum of =(x) for x > 0,
Ix|| =1, is attained. The maximum is a positive eigenvalue Ao, and is
attained for a positive eigenvector & belonging to A. .

Proof. We note first that 7(x) may be characterized as the maximum
of the real numbers = such that

Cx —1x = 0.
Since Cx — 7(x)x == 0 and C = 0, we infer that

C(Cx — m(x)x) = 0,
that is,
Cx — 71(x) Cx =0,
so that
7(Cx) = 7(x).
It follows that
(C™x) = 7(x).

For any positive matrix 4, we define

y(4) = min Ay . 3

It is then trivial that if y >> 0 and 4 > 0, and u = Ay, then
min u; = y(A) | y ||
We note also that for any matrix 4, we have

I 4] = max || ]| = max ) | Ay .

lIxfl <1

Now let y = C™x, z = y/|l ¥ |l. Then we have

min y; = p(C™) || x|

and
iyt <pemiixl,
so that
min z; = y(C™)f|| C™||
and

™(2) = 7(y) = 7(x).

Therefore the supremum of 7(x) on the set of x > 0, || x| = 1, is the same
as its supremum on the subset where min; x; = y(C™)/|| C™|l. Since 7 is
continuous on this subset, it attains its maximum A there at some vector £.
Ife =|C& — Aé)| > 0 and y = C™(CE — AE), then min y; > »(C™)e > 0.
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But since y = C(C™¢) — AC*#¢, this implies that +(C"™¢) =~ A, which contra-
dicts the definition of A. Hence € = 0 and C¢ -= A{. Thus all & > 0 for
which 7(£) == A are eigenvectors of C.
The function
(C) = HC))i C|,

seems to be a natural measure of the positivity of a matrix and arises
frequently in the sequel. In the course of the argument, we proved

COROLLARY la. [f C = 0 and C™ > 0, and ¢ is the positive unit vector
which maximizes r, then min; & == p(C™).

For the sake of completeness we prove that properties (a)—(c) in Perron’s
theorem hold also for nonnegative power-positive matrices. Let C’ be the
transpose of C, and let » be a positive unit eigenvector belonging to A. If u
is any eigenvalue of C other than A and z is an eigenvector belonging to v,
let | z | be the vector with the components | z;|, 1 <j<<n Let 4 = C™

We have
A'm = Ay and Az = pmz.

1t follows that

and
Alz| —|pl™lz] #0

unless z is a scalar multiple of a nonnegative vector, and then p must also
be nonnegative. Consequently, except in this case, we have

@izl —|{pl™izl) >0,
that is,
A" =™ -1z0) >0,
so that
fpl <A

In the exceptional case we may assume z > 0, u >> 0. Then we obtain
0 =1n-(Cz—pz) =\ — )y - 2),

and therefore p = A.
Finally if z is any eigenvector of C belonging to A, let

so that
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If z is not a scalar multiple of £, then u £ 0. If # were a scalar multiple
of a nonnegative vector, then | % - | would be positive. Hence we find that

Alul =2 |u| =0, Adlu|—X"]u|+#0,

and therefore
ne(dlul =X |uj) > 0.

Butsincen - 4 |u| = A™ | u |, we have arrived at a contradiction. Therefore
u = 0, and z is a scalar multiple of ¢.

The same argument shows that A can be characterized by another extremal
problem.

THEOREM 2. IfC =0 and C™ > O and for x > 0

o) = max (¥ Cru/x;), )

then
A= rxn>1%1 o(x) = o(é).

Proof. Let 1 be the vector with all components equal to 1. It is sufficient
to look for the minimum of ¢ on the set S; of all x > 0 such that{| x| = 1
and o(x) << o(1). The argument of Theorem 1 shows that o(C™x) < o(Cx) <
o(x), and that if o(C™x) < o(1), x > 0, and || x || = 1, then

x; = w(C™)jo(l)  for all j. )

Thus it suffices to look for the minimum of ¢ on the subset S, of those x in S,
which satisfy (5). Again if the minimum is attained at veS, and
o(w)p — Cv = 0, then o(C™) < o(v), which contradicts the minimum
property of v.

We note

CoROLLARY 2a. IfC = 0 and C™ > 0, then
)\C = m?x Cﬁ .
and
mjin Y Ciu < Ac < max 2 Ca=1Ci.
k k

Proof. The first estimate follows from Ao == 7(8'), where 8 is the
vector with components 3, . The second follows from (1) < Ac < o(1).
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If * and o* are the functions corresponding to r and o for the transposed
matrix C’, then we have the inequalities

T(x) < o*(y) and  olx) = 75(p)

for any positive x and y.
We wish to sharpen property (c) of Perron’s theorem.

THEOREM 3. If C = 0and C™ > 0, and
Cz =pz, z, =1, largz;| <72 forj>1,

then p = Aand z > 0.
Proof. Let y be the vector such that

7>0, {[g)l=1 and C'7n=A.

By property (b), the conclusion follows if pu = A. If p 5 A, then from
n - Cz = X7 - z) we obtain 5 - z = 0. But

R(yp - 2) = mz; + ), 7iR(z) > 0,
2

which is a contradiction.

Following Ostrowski [16], if ¥y > 0 and x is any real vector, we define
m(x; y) and M(x; y) as the upper and lower bounds, respectively, of m and M
such that

my < x < My.
Then we have
7(x) = m(Cx; x), o(x) = M(Cx; x),
min x; = m(A; 1), max x; = M(x; 1).

Birkhoff' [2] introduced into the study of positive matrices the projective
metric

0(x, y) = log(M(x; y)im(x;y))  (x,y > 0)

of Hilbert [8] (see also Busemann and Kelley [5]). If C is a positive matrix,
then we have

jmax 8(Cx, Cy) = log T¢ = 4,

where
Te = jI‘I'%ELXs (Cjk rs/ Crijs);
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(Ostrowski [16, p. 87]), and

TH? — 1
max O(CX, Cy)/@(x, y) = "]Tgm = Nc

(Birkhoff [2, Lemma 1; p. 221]).
We can use these relations to sharpen the considerations of Theorem 1.
IfC" > 0and x > 0 and T = T(C™), then

M(C™+x — 7(x) C™x; C™x) < Tm(Cmtix — 7(x) C™x; C™x).

If M = M(C™1x — 7(x) C™x; C™x) and 7 is the positive eigenvector of C’
as in the proof of Theorem 3, then we have
CmHlx — 7(x) C™x < MC™x,
so that, with A = A,
A — 7)) - x) < MA(n - ),
and
A—1(x) < M < Tm(C™Hx — 1(x) C7x; C™x).
We infer that
Cmtlx — (x) Cmx = TYA — 7(x)) C™x,

which yields
7(C™x) < 7(x) + T7YA — 7(x)),
or

A—1(C™) < (1 — TH — #(x)).
Ifvo =mqg +r, 0 < r < m, then it follows that

A — 7(C%x) < A — 7(C™ax)

< (1 — T — 7(x)), (6)
so that
lvgg 7(C’x) = A

Similarly, we find that
a(C™x) — A < (1 — TYHY(o(x) — A). )]
In the course of the proofs of Theorems 1 and 2, we proved 7(Cx) = 7(x),

o(Cx) < o(x), which imply that

m-—1
6(C™x; x) < Y, 0(C*x; Ckx)

k=0
< mf(Cx; x).
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But if £ is the positive eigenvector of C such that || | = 1 and N = N(C™),
then
0(x; €) < O(x; Cx) -+ (Cx, &)

<L B(x, Cx) 4 NO(x, &)

so that
0(x, &) < (1 — N)™ O(x, C"x).
If x is normalized so that m(x; &) M(x; §) = 1, that is

log M(x; §) = 8(x, £)/2 = 92,

then
exp(—0/2)¢ < x < exp(9/2)¢,
and
x — &Il < (exp(9)2) — DI €]
< (o(x)/r(x))* — 1, (®)
where

k = m(l — N)2/2.

Thus we can estimate the distance from x to £ in terms of the ratio

o(x)/7(x).
THEOREM 4. If C = 0 and C™ > O and x > 0, then
lim o(Cx) = 7l}my] (C%) = Ac,

and we have inequalities (6) and (7) on the rates of convergence of o(C*x) and
7(C*x) to Ac , and (8) on the distance from x to the positive eigenvector.

In the following we shall continue to denote by ¢ and % the positive
eigenvectors of C and C’, respectively. If we set

E-m =1,

then we may still replace ¢ and 7 by af and a~'v, respecitvely, where a is any
positive number. It will be convenient to postpone further normalization
of £ and 7 until later.

The transformation C’ may be considered as the adjoint of C, operating
on the dual space with the norm

Iylh= 1wl

For future use we give the following modification of (8):
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LemmAa . Ifx > 0and 0(x, §) < ¢, then

[x =@ 0l <(e—Din-x[[£l
(e = Dl €N x I

Proof. Letz = x — (n - x)é. We have

M(x; &) = (- x) + M(z; &),
m(x; &) = ( * x) + m(z; ),

and m(z; &) <7 -z =0 < M(z; ).
Furthermore, we have M(x; £) <C em(x; &). It follows that

M(z; &) — m(z; £) < M(z; €) — em(z, §) < (ef — 1)(n * x).
Since
[zl < max(M(z; §), —m(z; E) 1 €1l

we obtain
izl <(es— Dn -0 €l

The following estimates are also useful.

LeEmMmA 2.
€Ml < 1/i(O),
€07l < exp((1 — No)™ 8(CL, 1)),
m(n; 1) = wW(Cylinll .
Proof. Since
lL=n-(=m&EDlnlh,

the first estimate follows from Corollary la. An alternative estimate of
[ El/m(&; 1) = exp(B(¢; 1) follows from

8(¢; 1) < 8¢, C1) + 8(CL; 1)

and this yields the second inequality. The third follows from

Ac"? - Cl?’],
which implies
Ol < Acm(n; 1)
<[ Clim(n; 1).
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We note that 6(C1, 1) = log(c(1)/+(1)). and o(1)/(1) is the ratio of the
bounds for A, given in Corollary 2a.

THEOREM 5. Ifn -z == 0, and C =+ 0, then
1€z = G4HpCONAN) | 2]

Remark. Ostrowski gives bounds which imply that{] C¥z | = O{(AcNc)Y),
but do not specify the constant implicit in this result.

Proof. If we set m = m(¢; 1), then from

—(lzllm)é < z < (| z llim)é
we obtain
M@z &) <lizllm <z E) = a,

and
—m(z; §) < a.

If £ > 1, then we have
x =kat +z>0

and
M9 <k +Da,  m; 9 =k —Da,

so that
00c; &) < (k + Djtk — 1) = ¢

Now we obtain
B(Cvx; &) < N%0(x; &) < NP = e

From
Cx = kal "¢ + C'z

and
7 -C2z =0

we infer, by Lemma 1, that
I Cz|| < (e — Dkarc" | €.
But ¢ < £, so that we have
e — 1 < efe < ele.

If we now choose k = 5, we obtain the theorem.
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3. PERTURBATION OF SIMPLE EIGENVALUES AND EIGENVECTORS

In this section we give results which we need on the perturbation of simple
eigenvalues and eigenvectors. While these results are implicit, in principle,
in the available literature, it is hard to find there explicit quantitative results.
Rosenbloom [18] and Kato [14] have obtained results of the kind we want
by quite different methods. Since their estimates are expressed in terms of
different data, it is difficult to compare them. We shall work out here various
estimates using Kato’s method, based on the analysis of the resolvent (see
Hille and Phillips [9]). This approach has the advantage that it can easily
be extended to eigenvalues of higher multiplicity.

Suppose that C is a linear transformation of a complex Banach space X
into itself, and let

R(}; €C) == (A — )

be the resolvent of C. We say that an eigenvalue A, of C is simple if it is also
an eigenvalue of the conjugate transformation C* on the conjugate space X*,
the null-spaces of C — A; and C* — A, are one-dimensional, and A, is an
isolated point of the spectrum of C. Tt follows that R(A; C) has a pole of
order 1 at A, and that its residue there is a projection P, onto the null-space
of C — Ay, and '

CP, == PyC = AP, .

Let x, and x,* be eigenvectors of C and C¥*, respectively, such that
Xo*(x,) = 1. Thus P, can be expressed in the form

Py = xy (0 X%,
that is,
Pox = xg*(x) x, forall xeX.

If £ is a domain with rectifiable boundary containing no eigenvalues on its
boundary, then
1
— A;
P 2m_me( ; C) d)
is a projection onto the union of the eigenspaces corresponding to the
portion of the spectrum of C contained in Q. In particular, if £ contains A,
and no other point of the spectrum of C, then P = P, .
Suppose 2 is such a domain, and let

M = max | R(A; C)ll.

If U is a bounded linear transformation of X into itself, then we have

R(; C + U) = R(X; O)1 — URQ; €)™
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and
R(A; C + U) — R(X; C) == R(A; C + U) UR(; C),

by Hille and Phillips [9, p. 196-197].
Hence if
U <6 <1/M,
then we obtain
fRA; C + U < M|(1 — M)

and
| R(A; C -+ U) — R(X; O)f < M*[(1 — oM).
If
PU:i_f RO; C -+ U)d),
27 J30
then

[ Py — Pyl < BM?6/(1 — oM),

where B = (length of 2£2)/27. Consequently, if

§ < 1)(M + BM?),

then we obtain
| Py — Pyl] < L.

By Kato [14, p. 33], this implies that the rank of Py is one-dimensional,
so that C + U has a unique eigenvalue A(U) in £2, and

Pyx = xp*(X) x¢,  xp¥xy) =1,

for all x € X, where x, and x,* are the eigenvectors of C -+ U and (C + U)*,
respectively. Furthermore, we have

(C + U)PU:PU(C+U):A(U)PU-
But the formula
1
AU) — ) Py = ﬂ‘;fm (A — A) RQ; C - U)dr

= Ei?z fag (A — A)(RA; C+ U) — R@A; C)) dA
implies that
[ AU) — X 1 PO < dBM?3)(1 — SM)

< dM(1 + BM)S,
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where
d=max | A — A,|
A€0R2
and
MUY — Ay ] < dM( + BM)S
since

PO =1

Furthermore, we have
| Pu(xo) — Polxoplll = || xu*(x0) Xy — %o || < M(L + BM)3 || X, |-
Similarly, we can show that
| Xo*(xu) xu* — xo* | < M(1 + BM)S || xo* |.

We summarize these results in

THEOREM 6. Suppose that C is a linear transformation of X into itself,
that Ay is a simple eigenvalue of C, that x, and x,* are eigenvectors of C and C*,
respectively, belonging to A, such that x,*(xg) = 1, that Q is a domain with
boundary 0%2 of length 2B containing A, and no other points of the spectrum
of C, and that

M = max || R(A; O)l.
A€@s2

Then for
Ul <8 < 1/(M + BM? = /K,

the transformation C -+ U has a unique eigenvalue AN(U) in §2, which is simple.
This eigenvalue satisfies
JAU) — Ay | < KdS,
where
d=max | X — A .
A€682

There are eigenvectors of C -+ U and (C + U)*, respectively, belonging to NU)
in the spheres

[x —xoll < K8llxoll  and  lx* —x*[| < K[l xo*l. (9

We remark that we can always normalize x, and x,* so that | x,*|| =
1%l == || Py 2 o

By minor modifications of the above argument, we can obtain similar
results for unbounded regions £2. For example, we have
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COROLLARY 6a. Suppose that C is a bounded linear transformation on X
to itself, and Ay , x, , and x,* are as above. Suppose also that there are no other
points of the spectrum of C in | X| = r, where r << | A, ', and that

M = max it R(A; C).

Then for
N U| <8 < I)(M - rM? = 1/K

the transformation C + U has a unique eigenvalue NU) in | A | = r, which is
simple. It satisfies

| AU) — A | < (12141 K)8.

There are eigenvectors of C + U and (C + U)*, respectively, belonging to
MU) and satisfying (9).

For the proof, we take £2 to be the annulus » < | z| <C R, and let R — c0.
We note that

RQ; €) = 3 CH/x
0
= X 4 OX2 o O(A-3)
for | A| > | Ay |. This implies that

1
Py—Py= — 5[ (RO: C+ U) — RO, U) d)

and

W) = X) P = U = 5 [ (1= 2RO €+ U) — RO, 1) )

where I'is the circle | A | = r. The rest of the reasoning is as before.
Another variant of the argument yields

COROLLARY 6b. Let a > 0 and suppose that

M; = sup |AP I RQA; O)l,  j=0,1.

Ra=a

Suppose also that the bounded transformation C has the simple eigenvalue A, ,
RX, > a, and that the half-plane RA > a contains no other points of the
spectrum of C. Then for

e 2a 1
T 2aM, + Mz2? K

i

Ul <9
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the transformation C + U has a unique eigenvalue NU) in the half-plane
RA == a, and it is simple. It satisfies

| AU) — X | <Mt - DK CIS (10)

if 6 || C|. There are eigenvectors of C + U and (C + U)*, respectively,
belonging to MU) and satisfying (9).

This time we take £2 to be the portion of the circle | A | < r in the half-
plane RA > a. Again the contribution of the circular part | A| = r to the
integral

1
PU—P(,—%LQ(R()\,C+ U) — R(; €)) dA
approaches zero, so that we obtain
1 q+io )\. | )\ )\
PU—P0:2—77-1,J;_M (R(; C 5~ U) — RQ\; ©) d.
From the identity

R(A; C 4+ U) — R(A; C) = R(A; C)1 — UR(A; CO) T UR(QA; ©)
it follows that

. _ M2
IR €+ U) = R O < 13ymq — 379
which yields
M28
| Py = Poll < 5o g7y < K&

We set
D) = R(A; C + U) — R(; C).
From the identities
AR(A; C) = 1 + R(\; O)C

and

AR(A; C 4+ U) =1+ R(A; C 4 UXC + V),
we derive

D) = A YDN)C + R(}; C + U)U)
= A'DQA)C + AU + R@; C + U)C + DHD).

Consequently, we infer
1
AU) = A) Py = 5— fag (X — A9 D) dA

1
=5— L _ADQ) A — APy — Py)

= J(C 4 U) U -+ (Py — P)(C — Ay,

640/22[2-3
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where

27i dgn A

Again the integrand is O(A~?), is | A | — oo, and J is independent of r for r
sufficiently large. Hence we find that

1 e RO C 4 U)
= "2—77—1 i '—'—*")\ ——— dA

Now the estimate

| R C -+ UM < I RG; OI(1 — M,yd)
yields
TR -
2a(1 — Md)
from which we conclude the inequality.
Remark. We always have the relation
M, <141 CiM,,

but sometimes we can obtain a much sharper bound for M, .

4. PERTURBATION OF POWER-POSITIVE MATRICES

We wish now to apply the results of the previous section to power-
positive matrices. For this purpose we need to estimate the resolvent of such
a matrix. If C is power-positive, we shall denote by A. its largest eigenvalue
and by £ and 5 the positive eigenvectors of C and C*, respectively, normalized
by the conditions

n-€=1, |l =& =[P
where P, = ¢ & 7 is the projection defined by
Pyx = (- x)¢ for all x.

Tueorem 7. If C > 0 and
M(r) = max i R(A; O,

then for AcNe << r << Ac, we have

M) < p(Cy Qe — 1) + B(r — AcNo™),
where
B = B(C) = 34(1 + p(O)™).
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Proof. Let y be a given vector,

b=mn-'y, z=(1—P)y=y—bé
and
A—=Cx =y.
Then
xX=QAQ—=A)Tb¢ +(A—-O)1z.

The estimate in Theorem 5 yields
I RA; Oz ] < 34(C) (1A} — AN 2|l
Since Lemma 2 implies that
hzi <yl +TENilyl <A + DIy,

we obtain the estimate for M(r) stated above.

The minimum of (A — r)t 4- B(r — AcN¢)™t is attained for r = alc,
where « = (N + BY/%)/(1 4 B'/?), from which we obtain

COROLLARY 7Ta. For o = (N + BY%)/(1 -+ B'/?), we have

M(ade) < (1 + BY2P/((1 — Ne) i(C) Ac).

To deal with power-positive matrices, we use the identity

m—1
R()\, C) — (Z Akcm—l«k) R(}\m; Cm)

k=0 /

COROLLARY 7b. If C =0 and C™ > 0, and N = N(C™), B' = B(C™),
and AcNY™ < ¢ < Ac, then

I Clm —rm 1 1 4 B’
[Cl—r ®wC™ A™ —rm © ™ — AMN T

M(r) <

For example, if m = 2, and « = (N + (B'Y/?)/(1 + (B)'/2), then an easy
computation yields
200 | Ci|
(I — N)((C?) Ay

Application of Corollary 6a and Lemma 2 leads to

M(@/2A) <

COROLLARY 7c. If C > 0 and « is as in Corollary Ta, and

Ul <8 <1/K,
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where
K = M(l -+ AcM),
M == _ o
) (1 - Nc) [L(C)z )\C ’
then C + U has a unique eigenvalue AM(U) in the set | A| == ado, and NU)
satisfies
FAU) — Ac | < (1 + 2AcK)8,

and this eigenvalue is simple. There are eigenvectors x and y of C 4 U and
(C + U)*, respectively, in the spheres

[x — €&l < KS[EH,  lly—mly < K89, .
If 8 < w(C)/K, then | arg x; | < 0, where
sin § = K6/u(C), 0 <0 < 7/2.

We can apply Corollary 7b in a similar way to obtain a corresponding
result for power-positive matrices.

We now wish to prove a generalization of Theorem 3. For this purpose
we first derive a lemma.

LEmMMA 3. IfC >0,z 5= 0, |argz; | <y < w2 for all j, and

1Cz — pzl] < e
then
[Ac — p| < €l(l 2]l w(C) cos y) = Kell| z |, (11)
and
34(1 + K)e
MC) Acl — N¢)

[z —(p-2) &l < Kie. (12)

Proof. Let z; = r;exp(i0)), | 6, | < v << =2 for all j. Since

N (Cz — pz) = (Ac — 1)1 * 2)
and
R(y < 2) = ) m;r; cos b
= m(y; 1) ] 2| cos v,
we obtain

[Ac —plm(p; Dl zllcosy <lnlie

and now Lemma 2 implies (11).
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Now let u = Pyz = z — (5 * 2)¢, so that

(C —2du = (C — Ao)z = v.
Hence we have

w=— Y \r1Ch

k=0

and, by Theorem 5, we find that

ull <3412 [/(x(C) Ac(1 — N
Since
v =(C—pz+(p—2AJ)z,
so that
ol < e+ Ke,

we obtain the estimate (12).

THEOREM 8. If C >0, || Ul < €, and if z is an eigenvector of C —~ U
such that

izl =1 and largzy | <y < w/2 for all j, (13)
belonging to the eigenvalue p., then

[ Ac — pl < Ke
and
|z —(n-2¢l < Kie,

where K and K, are as in Lemma 3.

In Corollary 7a we obtain conditions on U that C + U have a unigue
eigenvalue in | A| = a)c, and then find that its eigenvector is close to §£.
In Theorem 8 we find that if C 4+ U has an eigenvector satisfying (13) and
U is small, then the corresponding eigenvalue is close to A and the eigenvector
is close to a scalar multiple of £. Here U is not necessarily so small that
Corollary 7a applies, and so there may very well be other eigenvalues in
[A] = ade.

In the next theorem we give a sufficient condition that C -}- U have at least
one eigenvector satisfying (13) and with a positive component. Again the
condition may not be strong enough to ensure uniqueness of the corre-
sponding eigenvalue.

THEOREM 9. If C > 0and 0 <y < =/2 and

€ < u(C)2 sin y/(2Ky),
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where K is as in Lemma 3, then for | Ul << ¢, the matrix C + U has an
eigenvector z in the set

Stz o=l args | <y (all)),

Proof. For 0 =t =1, let C(t) — C + tU, and let ¢, be the least upper
bound of the ¢ in [0, 1] such that C(r) has an eigenvector in S(y). Then ¢, is
positive by Corollary 7c. If ¢, <¢ 1, then C(t,) has an eigenvector z on the
boundary of S(y). We may assume that [argz; | == y. Let @ = 5 - z. Then
by Lemma 3, we have

[1 —af | <Kelé
and
lz; —a&;| < Kpel €1l

Consequently, we infer that

Pz — &0 = [ &z — a&)) + (a&, — 1) &
L 2K ¢ €]
< 2K e (C) 1R G

by Lemma 2. This is impossible if € satisfies the above inequality.
COROLLARY 9a. If A == (C,;, exp(i8;;)), where C >0, and | 8, -1 0 <
72 for all j, k and if
2sin(6/2) < w(CY'* sin y/Q2K; || C1).
then A has an eigenvector in S(y).

Proof. Weset U == A — C in Theorem 9.
By means of these methods, we can obtain similar results for power-
positive matrices.

LemMAa 4. If C =0, C" >0, jz] =1, |argz,| <y < wf2, and
N = N(C™), and

then
[Ac — p ! << €/(u(C™) cos y) = K(C™)e,

and

1 . . §o m—1 “ Ci‘;k 34(1 + K(C'")) <
bz — (-2 &l \\(2;‘ Ak ) Ac(CY(1 — N)

= K(C™) e.
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THeorem 10. IfC = 0,C™ > 0,and 0 <y < w/2, and
e < sin y/Qu(CmY2 K (C™),

then for | U || < e, the matrix C + U has an eigenvector in S(y).

5. MATRICES WITH DOMINANT BORDER

In this section it will be convenient to have the indices in our vectors and
matrices run from 0 to N. We shall begin by determining the eigenvalues and
eigenvectors of a border matrix C, i.e., a matrix such that C;;, = 0 for jk # 0.

If Cz = Az, z # 0, and A = 0, then for j > 0 we have

z; = CioZolA
so that
Nezg = A Z Couzr, = (Cooh + ) 2o,

where

N
d - Z CO?'CJ'O .
1

Since z # 0, we must have z, # 0, and therefore A is a root of the quadratic
polynomial

O = X — Copr — d,
and

A = (Coy & (Coy -+ 4d)'%)2.
Incidentally, it is easy to prove that
det(A — C) = AV-1Q(Q).

If A = 0, then z is in the (N — 1)-dimensional subspace

N
Zy = 0, Z COkZIc = 0.
1

Similarly, we easily compute

R(A; Oy = AQW) 1 x,
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where

N
Xo = A%y, A Z Cox Y s
1
~
x; = ACs ¥y -+ Cjo Z Cor ) -+ 3,000
1

= ACjp ¥ -+ Cy Z Coxyi -+ (Q) + CiCyp) ¥; »

for j > 0. Here }." denotes the summation over all indices k& 5 0, j.
If C;, 5~ 0 for all j, then it is often convenient to normalize the matrix C.
We transform by the diagonal matrix 4 defined by

A]'j == Cj(, s Ajk = O fOI‘ _] 7é k,
and set
A-1CA = C,,C. (14)

If x is an eigenvector of C belonging to the eigenvalue u, then Ax is an
eigenvector of C belonging to the eigenvalue Cyu. The matrix C is a border
matrix with

ch = 1 and éﬂf = CO]'C]'O/C(?O fOI‘ a]l _]

Hence we first focus our attention on border matrices with C;, = 1 and
Cy; == 0 for all j. There is a unique positive eigenvalue A, , a unique negative
eigenvalue A, , and an eigenvalue of multiplicity N — 1 at 0. Let us compute
the other data needed in order to apply the results of Section 3.

The positive eigenvector & belonging to A, has the components

& == &N for j >0,
and since A; > I, we have || £ || = &, . The positive eigenvector » of C* has
the coordinates
N = COiUO/AI for j >0,
and
' Il = ”’]o(l + d//\l) = 770>\1 .
The normalization

n-&=1, Il =€
leads to

Mo =1+ 4d)‘1/4> o = (o + ’7(71)/2 (15)
Finally we have

[AQW)I | R(A; C) = max(| A2+ [A}d, | A] + (d — Cyp) - | Q) + Co; 1)-
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On the line RA = 1, the perpendicular bisector of the segment [A,, A],
we have A — A2 = | A |2 = | A /2, so that
O] = [A ]2 +d

Therefore we have

A +d _2(AF+d
o STARTd %

Furthermore, we see that
Q) +Cop; | = A2+ (d—Cy) <|A2 -4
1t follows that

[AL+(d—Co) +10Q) +Cp; | <A +d 100
<310 <610,
and conclude that

RA; C) <6  for RA=41
We note that forr > 0, s — 0,

5? + sd < 52+ (tds® + td))2
= (2 -+ td) 5* + 1-1d)2.

If we choose ¢ as the positive solution of
Q4w =1 e, t=(—14+1+dP)/d,

then we obtain
5?2 4 sd < (52 + )2 + td))2.

Hence for RA = 1, we have
[A1IRQ; ©) < max((l + (1 + dy'2)[2,3) = M, (16)
which is sharper than the bound 1 - 6 || C || obtained from the identity
AR(X; C) =1 4+ R(A; C)C.
We can now apply Corollary 6b. A little computation yields
THeOREM 11. If C is a nonnegative border matrix with C;, = 1 for all j,

and if
Ul <8 <1/(6 + M) = 1K,



144 M. GURARI

then C - U has a unique eigenvalue NU) in the half plane RA = 1. This
eigenvalue is simple, and satisfies

FAU) — A= g € o,
where
(k) =1 4 35k k =125,
= (k22)(1 + 12k71/%) k > 25.

There is an eigenvector x of C -+ U, belonging to M(U), such that
Ix — & < K€L

If M\ K8 << 1, then for all j we have

, 1 — AKS)
x5 >ﬁisxsz
and
[arg'xf [ < a,
where

sin o = A, KS, 0 <o <72
There is an eigenvector y of (C + U)*, belonging to MU), such that

ly —7qlh <K8“"’I”1-

If we apply Theorem 11 to the matrix C defined by (14), then we obtain

COROLLARY lla. Suppose that C is a border matrix and that C;, 7 0 and
C;oCoi/Coy = 0 for all j. If V is a matrix such that

N
Z [ VirCra | < 3! CooCio | for all j,
0

where
8 < 1/(6 4+ M;?) = 1/K,

and M, is defined by (16) with
N
d= 2 Cojcio/ Cgo s
1

then C -V has a unique eigenvalue N(V) in the half-plane R(A|Cy) = 4.
This eigenvalue is simple. If we set

A= (1 + (1 +4d)'3))2 )



THE LOCATION OF EIGENVALUES AND EIGENVECTORS 145

then there is an eigenvector x of C + V, belonging to V), such that

—x—°«1‘<K8,

COO
and
X; . _1-_ .
c. N < K8 for j=>NO.

If AKS < 1, and

sin o« = A, K9, 0 <o <72,
then
| arg(x;/Ci)l < o for all j.

There is an eigenvector y of (C - V)*, belonging to A(V), such that

| Cove — 11 +3 | Coope — CoC0| <\ ks
00 Yo Z xo Ve Yoz | S Mo
1 1~00
Note that x and y satisfy
x,- (l + KS) )\1 . X;
max | el S A=Ak M| T, P

and
N
M1 — Kd) < Z [ Coe e | < A1 + K3).
0
By an easy limiting process, or by imitating the above argument, we can

obtain extensions of this result to certain infinite-dimensional spaces.
Let /, be the Banach space of absolutely convergent series y with the norm

Iyl =2 131,
0

and let /, = /;* be its conjugate space, the set of all bounded sequences x
with the norm
Il x|l == sup [ x; .

If {a,}, n > 0, is a sequence of nonzero complex numbers, and A4 is the
diagonal transformation defined by

(4Ax); = a;x; for all j,

then we may denote by A/, and A/, , respectively, the transforms of /; and /.,
by A.
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CoOROLLARY 11b. Suppose that C is a border matrix and that C;, = 0
and C;Cy;/Csy == 0 for all j = 0, and that

[®)

0 <d =D CyCiof/Ciy <=+ .
1

Let A be defined by (Ax); = Cjox; for j 2= 0.
Then if V is a matrix such that

2 ViCryl <81 CooCio! (@l j < 0),
)

where
8<1/K, K:6+M12:

then C -~ V, as a linear transformation on Al,, , has a unique eigenvalue A\(V)
in the half plane R(A|Cyy) = L. This eigenvalue is simple, and is also a simple
eigenvalue of (C + V)* on A7, . If \,K8 <C 1, then there is an eigenvector x
of C + V, belonging to X(V) such that

Larg(x;/Ci)l < o« for all j,

where
sin @ = A,KS, 0 < a<<mf2

We can also obtain results like Theorem 9, which may not be strong
enough to imply uniqueness. Suppose that

Cji = rj exp(ibyy), riw 22 0,

and
10, =20 < 72 for all j, k, (18)
and that
max (rifror) = a, (19)
N
max ¥ rufrie = b. (20)
j=0 1

Then a and b are measures of the dominance of the border of the matrix C.

TaeOREM 12. If C satisfies Eqs. (18)—(20), and
0 -y < 72, 0 <,

(21)
sin((y/2) + 26) < sin(3y/2) — 2ab,
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then C has an eigenvector z in the convex set
S(:zo =1,  Jargz; | <y (al})).

Remarks. 1f a =0 =0, then C is a power-positive border matrix
(C? > 0). If s = sin(y/2), then

P(y) = sin(3y/2) — sin(y/2)
=2s5cosy =2(s —25%) > 0

for 0 <y < m/2. Hence (16) is satisfied for sufficiently small 8 and a.
Thus (21) defines a class of matrices close to power-positive border matrices,
which are sure to have an eigenvector in S(y). For y close to 0, our result
may be considered a perturbation of the Perron—Frobenius result, while if ¢
is close to 7/2, the result is related to Theorem 3. Note also the maximum of ¢

is attained for
sin(y[2) = 1/6'/2

and is (8/27)'/2. Thus if 2ab << (8/27)/%, then (21) is satisfied for some v
and for all sufficiently small 6.

Proof. For given v, 6, and r;;, (j, k > 0) satisfying (21), let 6, be the least
upper bound of the numbers such that

0<6,<0

and such that every matrix C with | 8, | << 8, (all j, k) has an eigenvector
in S(y). Then 8, > 0, and if 6, < 0, then there is a matrix C with | §;; | < 6,
(all j, k) having an eigenvector z on the boundary of S(y).
Let
Zr = pr €xplicy), pr = 0,

for k ;= 0. We may assume that oy = 0, and o; =y, [; > 0,and | o, | < p
for k > 0. For any m > 0, we have
N N
[)\|Pm <Z”mkplc <azr0kpk-
0 0
But
N
0

=
=) Fowpr c0s(0 - ),
and this implies that

pm < afcos(0 + )
form > 0.
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We set
N
Zm = Z kazk >
1
so that
A - Cun = Zo s
Azj = Ciy + 2.

The estimate
N

J Zm f < Z rmkpk Si abl‘mo/cos(ﬂ + 7)
1

yields
| arg(l -+ z,,/Cpo)l < B,
where
sin 8 = ab/cos(6 + y), 0 < B < o2,

Consequently, we obtain

y == arg z; = arg((Cjo + Z)/(Coo -+ Zy))
OB (- ) =20+ )

sin(y/2) — 6) < sin 3,

or

that is
2 sin((y/2) — 0) cos(¢ + y) < 2ab.

But the left-hand side is
sin(3y/2) — sin(20 +- (y/2)),

so this inequality contradicts (21).

COROLLARY 12a. If C satisfies the conditions

Cip#0 (j = 0),
| arg((Cs1.Cro)/(CooCio))| < 8 U,k =0),

FCoul Gl <a|CollCyl (=>0,k2=0),
and
N

2I1CuCrl <b[Col|Crl (=0,
1
and condition (20), then C has an eigenvector z such that
Zg = Cyo » | arg(z;/Ci)l <y (> 0.

Clearly Theorem 12 and its corollary can be extended in the obvious way
to certain infinite-dimensional spaces.
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